
 

UNIVERSITY OF PITESTI 
 
Faculty of Mechanics and Technology 

SCIENTIFIC BULLETIN 
 

AUTOMOTIVE series, year XXVI, no. 30 

 
 

 

 

The determination of the mechanical friction work in a cam – follower 

couple of complex cam mechanisms. Part II - numerical application 
 

Claudia Mari POPA, Nicolae PANDREA, Dinel POPA 

University of Piteşti, Romania 

 
*Corresponding author e-mail: claudia_mari_1965@yahoo.com  

 
Article history  

Received 15.08.2020 

Accepted 20.09.2020 

DOI https://doi.org/10.26825/bup.ar.2020.012 

 

 
Abstract: This paper is a continuation of a previous paper, where we presented the analytical 

relations that lead to obtaining the mechanical friction work from the cam-follower couple of a 

complex cam mechanism. The obtained results are presented as diagrams obtained by a computer 

program. 
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1. Introduction 
 

Complex cam mechanisms are often used in the technical field. In a previous paper, we presented the 

dynamic and kinematic aspects and also the expression of the mechanical friction work from the cam-

follower couple. The present paper is giving an application about a quadrilateral articulated 

mechanism, where the cam actuates the connecting rod of the mechanism that is attached to a round 

grooved follower. There are presented, in order, the calculation algorithms for: kinematic analysis, 

dynamical analysis and the results obtained by the numerical application. 

 

2. The kinematic technical diagram of the mechanism  
 

In fig.1 we are presenting the technical diagram of a complex cam mechanism. The cam 1 actuates the 

connecting rod 2 of the quadrilateral articulated mechanism OABC. The cam is circular, of radius 1r , 

and has the base circle radius 0r . On the connecting rod 2 is mounted the circular follower of radius R. 

There are also known: the lengths of the mechanism elements: OAl , 
ABl , ADl , BCl , the positions of the 

couples at the base ),( OO yxO , ),( CC yxC , ),(
11 1 OO yxO , the position of point ),( EE yxE . 
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Figure 1. Complex cam mechanism. 

 

3. The kinematic analysis of the mechanism 
 

The profiles of the cam and the follower are given by the parametrical equations: 

)();( 111111 == yyxx , 

)();( 222222 == yyxx . 
(1) 

We will first determine the reference position of the mechanism (when the cam is on the base circle). 

In fig. 2, the position angles of the elements are noted with the index 0. 
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Figure 2. The positioning of the mechanism with the cam on the base circle. 

 

For determining the position of the cam and the elements of the quadrilateral articulated mechanism, 

we project the contour vector relations on the OX and OY axis system: 

OCBCABOA =++ , 

11 OOAOOA =+ , 
(2) 

where it is added the tangency condition of the two profiles in the point M. 
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It will result a non-linearly system of five equations with five unknowns: 
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. (3) 

Noting with  F  the previously determined functions vector: 

  ( )TFFFFFF 54321=  (4) 

and with    the vector of the unknowns: 

  ( )T2010402030 = . (5) 

The system (3) is written under the form: 

  0=F , (6) 

and it is solved with the Newton-Raphson method. We are starting from an approximate value: 

  ( )T)1(
20

)1(
10

)1(
40

)1(
20

)1(
30

)1(
=  (7) 

and after the algorithm: 

  )1(1
1

)1()( ][}{}{
−−

−
− −=

i

i
ii FW  (8) 

after i steps, the solution is determined with the precision  : 

− − )1()( }{}{ ii . (9) 

In (8) was noted with  W  the Jacobean of the system (6). In the case of a numerical application we 

are considering sizes: 030,0=OAl m, 065,0=ABl m, 070,0=BCl m, 085,0=ADl m, 0=Ox , 0=Oy , 

070,0=Cx m, 0=Cy , 100,0=Ex m, 0=Ey , 045,0
1

=Ox m, 015,0
1

=Oy m, 010,00 =r m, 

015,01 =r m, 050,0=R m, 038,0=A m, the parametrical equations of the cam: 11 sin = rx , 

)(cos 011 rrry −−= , the parametrical equations of the follower (the position of the center of the 

circle being on the perpendicular constructed from the middle of AB at the distance A): 

22 sin
2

+= R
AB

x , )cos( 12 ARy −−= .  

The analytical expressions of the first and second order derivatives of the parametric equations of the cam 

and follower are given by the relations: 

11 cos= rx , 11 sin −= ry , 11 sin −= rx , 11 cos −= ry , 

22 cos= Rx , 22 sin −= Rx , 22 sin −= Rx , 22 cos = Ry . 
(10) 

Based on the previous relations, a calculation program is made. 

Starting from the approximate values at the first iteration: 

  ( )T0302702545)1( =  (11) 

the exact values are obtained for a better precision of determining the solution 610−= : 

  ( )T−= 6069,12738287,153964,264345212,2878096,52  (12) 

The relations (2) and the tangency condition of the cam with the follower in the contact point, are 

valid for any position of the mechanism. 

In a random position of the mechanism, the vector (3) of the five functions }{F  is: 
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and the vector    of the unknowns: 

  ( )T21423 = . (14) 

The Jacobean  W  of the system has the components: 

( )330

3

1 sin −−=



OAl

F
, ( )220

2

1 sin −−=



ABl

F
, ( )440

4

1 sin −−=



BCl

F
, 0

1

1 =


F
, 0

2

1 =


F
; 

( )330

3

2 cos −=



OAl

F
, ( )220

2

2 cos −=



ABl

F
, ( )440

4

2 cos −=



BCl

F
, 0

1

2 =


F
, 0

2

2 =


F
; 

( )330

3

3 sin −−=



OAl

F
, )cos()sin( 202202

2

3 +−+−=



yx

F
, 0

4

3 =


F
,  

           ( ) ( )11011101

1

3 sincos +++−=



yx

F
, 0

2

3 =


F
; 

( )330

3

4 cos −=



OAl

F
, )sin()cos( 202202

2

4 +−+=



yx

F
, 0

4

4 =


F
, 

          ( ) ( )11011101

1

4 cossin +−+−=



yx

F
, ( ) ( )22022202

2

4 cossin +++=



yx

F
; 

0
3

5 =


F
, ( ) ( ) ( ) ( )12102012211210202121

2

5 sincos −+−−+−+−+=



yxyxyyxx

F
,           

0
4

5 =


F
, ( ) ( ) ( ) ( )12102012211210202121

1

5 cossin −+−−−−+−+=



yxyxyyxx

F
, 

                ( ) ( ) ( ) ( )12102012211210202121

2

5 cossin −+−−−−+−+=



yxyxyyxx

F
; 

(15) 

Analogous to the determination of the reference position of the mechanism, the Newton-Raphson 

algorithm is used to determine the exact solution in step i: 

  )1(1
1

)1()( ][}{}{
−−

−
− −=

i

i
ii FW  (16) 

The iterative process continues until all the solutions in step i meet the condition: 

.5,4,3,2,1,
)1()(

=−
−

j
i

j

i

j . (17) 

where with   was noted the maximum value that determines the solution. 

The calculation program is completed with a repetitive (FOR) cycle, where the angle 1  is being 

given values in the interval ]360,...,0[  , with a constant angular step of = 11 . For each step, 

determination will be done in a repetitive cycle (REPEAT - UNTIL), the values being given by the 

relations (13), (15) and (16) with the precision 
610−= . The starting values of the iterative process: 

0)0(
3 0= , 0)0(

2 0= , 0)0(
4 0= , 0)0(

1 0= , 0)0(
2 0= , are only necessary for the first step ( 01 = ), for the 

next steps the approximate values are the exact values determined in the previous step. The values obtained 

at the exit of the repetitive cycle are stored as 360-position vectors and are written to files, on the basis of 

which are obtained the diagrams of fig. 3. 
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Figure 3. The variation graphs of the angles )( 13  , )( 12  , )( 14  . 

 

The position of the points A, B, M and D in the general reference system is given by the relations: 

 )cos( 303 += OAA lx , )sin( 303 += OAA ly ; 

)cos( 202 ++= ABAB lxx , )sin( 202 ++= ABAB lyy , 

)sin()cos( 20222022 +−++= yxxx AM , )cos()sin( 20222022 ++++= yxyy AM ; 

)cos( 202 ++= ADAD lxx , )sin( 202 ++= ADAD lyy , 

(18) 

and the expressions of angular velocity are: 

1

1

2
2

d

d





= , 1

1

4
4

d

d





= . (19) 

In the paper [9] the expressions of the velocities of points A and M were established in matrix form. In the 

case of point M, the expression of the relative velocity rv  was also established.  

The calculation program is completed with the calculation relations presented in [9] for determining the 

absolute velocities and the relative velocities.  

The quantities obtained are stored in the form of 360-position vectors. 

 

4. The dynamic analysis of the mechanism  
 

In the paper [9], applying the method of isolating bodies, from 5 equations of dynamic equilibrium a 

linear system of 5 equations was obtained, with the solution: 

     MAR
1−

=  (20) 

In the relation (20) the vector of unknowns was noted with  R : 
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= , (21) 
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           with ( )( ) ( )+−−−= cossincossin 255 xla AB  

(21) 
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The angle   is the angle made by the friction force with the line parallel with BC in the point M where 

the cam and follower are in contact. The vector of unknowns  M  is given by the expression: 

 

( )
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( ) ( )
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

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
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22222

22
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333

2
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202202

4

3

)cos()sin(

)sin()cos(

cBicBii

DiDi

DiDi

icC
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GFFFF

FFFF

MxxG

MMxxG

M

yx

yyxx

yyxx
 (22) 

The masses of the following elements are considered known for the numerical application: 

2,01 =m Kg, 1,02 =m Kg, 03,03 =m Kg, 05,04 =m Kg, the angular velocity of the cam 1001 = rad/s, 

the spring 5 elastic constant k is, 500=k N/m and his uncompressed length 05,00 =l m, the sliding 

friction coefficient 1,0= . 

The previous calculation program is completed with the calculation relations for determining the torsion of 

the inertial forces acting on the elements of the mechanism, the calculation relation of the reduced moment 

3redM , the relations (21), (22), (23) for determining the matrix  A  and of the vector  M . 

The linear system is solved, obtaining the values of the reactions: 
xAR , 

yAR , 
xBR , 

yBR  and N . The 

values are written to value files. In fig. 4 shows the variation of the reaction from the contact point M 

of the cam-follower, depending on the angle 1 .  
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Figure 4. Variation graph of the normal reaction )( 1N . 

 

5. Calculating the mechanical friction work from the cam-follower couple 
 

In order to obtain the mechanical friction work, the value of the relative speed 21v  from point M is 

determined for each position of the mechanism, which according to [9] is given by the relation: 

     
2616

21

21

21 MMMM vv
v

v
v

y

x
−=












= , (23) 

and the relative velocity modulus is: 

( ) ( )221

2

2121 yvvv
x

+=  (24) 

Since the values obtained for the normal reaction N and for the relative speed were obtained 

numerically, with a constant step of 1 , we can calculate the integral of the mechanical work with the 

relation: 

i
i

i
VNL 21

360

11 180


=






=  (25) 
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The calculation program made previously is completed with the relations (23) ÷ (25) and the value of 

the mechanical friction work on a cycle is obtained at the end: 1048,0=L J. 

 

6. Conclusions 
 

The numerical value of the mechanical friction work in the cam-follower couple is an important 

criterion in assessing the efficiency of the mechanism. 

The calculation algorithm presented in the paper for obtaining the value of the mechanical friction 

work from the cam-follower couple of a two-contour mechanism, can also be applied in the case of 

three-contour mechanisms or in the case of a simple cam-follower mechanism. 

The numerical application follows the calculation algorithm established in a previous paper. The 

connecting rod of an articulated quadrilateral mechanism is driven by a circular cam. The dimensions 

and masses of the mechanism elements, the cam and follower profiles and the position of the spring 

providing the cam-follower contact are known. 

The results obtained on the basis of a calculation program are presented in the form of diagrams 

depending on the position of the motor element. The data is stored as vectors and written to files. 

Finally, the value of the mechanical friction work on a dynamic cycle is obtained. 

The calculation program was also used to choose the position of the spring and the value of its elastic 

constant, so that the value of the normal reaction is always positive, to prevent detachments. 
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